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Locally free sheaves on complex 
supermanifolds^ 

A.L. Onishchik, E.G. Vishnyakova 
1. Introduction 



An important part of tlie classical theory of real or complex manifolds 
is the theory of (smooth, real analytic or complex analytic) vector bundles. 
With any vector bundle over a manifold (M, J-") the sheaf of its (smooth, real 
analytic or complex analytic) sections is associated which is a locally free 
, sheaf of J-'-modules, and in this way all the locally free sheaves of J-'-modules 

i—\ I over (M, J-') can be obtained. In the present paper, locally free sheaves 

■ of (9-modules on a complex analytic supermanifold (M, O) (or equivalently 

■ sheaves of sections of vector bundles over (M, O)) are studied. 
It is well-known that any smooth supermanifold (M, O) is split, i.e. O ~ 

l\jrQi where Q is the sheaf of sections of a certain vector bundle over M. 
^ \ In the complex case this statement is false, see [6]. However, we can assign 

(yQ • the split supermanifold (M, gr O) to any complex analytic supermanifold 

O . (M, (9), which is called the retract of (M, O). Given a locally free sheaf £ 

of (9-modules on a complex analytic supermanifold (M, (9), we construct a 
locally free sheaf gi£ on the retract (M, grO), which is called the retract 
of £. It can be easily shown that gr£^ ~ giO ® £^red, where ^^red is the 
pullback of £ with respect to the natural embedding of the manifold (M, J-") 
into (M, O). In Section 2 we obtained a classification of locally free sheaves 
£ of (9- modules which have a given retract gr£^ in terms of non-abelian 1- 
cohomology. Theorem 2. In the special case (9 ~ gr (9 our classification result 
\ can be simplified. Theorem 3. 

In Section 3 we study locally free sheaves of modules over projective su- 
perspaces. In the case of complex projective spaces, the problem of the (in- 
decomposable) bundle classification is far from being solved, see [10]. There 
are two cases, however, in which all bundles are known to be direct sums of 
line bundles — over CP^ by the classical Birkhoff - Grothendieck Theorem 
and over CP°° by the Barth - Van de Ven - Tyurin theorem. We study sim- 
ilar question in the super context. In the case of CP^I", m > 0, we showed 
that the Birkhoff - Grothendieck Theorem does not hold true. (The fact 
that this theorem is false for some CP^'™ was noticed in [9].) Furthermore, 
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we achieved the result similar to the Barth - Van de Ven - Tyurin Theorem 
for projective superspaces. 

Section 4 is devoted to the study of the tangent sheaf T of a split super- 
manifold (M, in more details. The main result is here the equivalence of 
the triviality of the 1-cohomology class corresponding to T and the existence 
of a holomorphic connection of the bundle corresponding to the locally free 
sheaf of ^-modules Q. 

In Subsection 5 a spectral sequence which connects the cohomology with 
values in a locally free sheaf of O-modules S with the cohomology with values 
in its retract gr S is constructed. This spectral sequence permits to compute 
the cohomology group H*{M,S) using the cohomology class corresponding 
to £ by Theorem 3 and the cohomology group H*{M,gT £). Note that gr£^ 
is a sheaf of sections of a certain vector bundle over M. Hence to compute 
H*{M,grS) we may use the well elaborated tools of complex analytic geom- 
etry. We described the first two terms of the spectral sequence and the first 
non zero differential. 

A classification of locally free sheaves of C-modules over a smooth su- 
permanifold {M,0) was obtained in [14], Section 4.3. It was shown that 
any locally free sheaf of (9-modules S is isomorphic to grS. The similar re- 
sult for fibre superbundles was proved in [16]. In [4] the split holomorphic 
case was studied. In particular it was shown there that there exists a holo- 
morphic locally free sheaf of C-modules over a holomorphic supermanifold 
(M.O). which is not isomorphic to its retract grS. There a classification 
up to isomorphism of locally free sheaves of (9-modules over a (holomorphic) 
split supermanifold (M, O), C ~ /\^, is obtained in terms of cohomology 
set H^{M,GL{n, In the present paper we suggest the different ap- 

proach to the classification of locally free sheaves of C-modules over a split 
supermanifold, Theorem 3, and more generally over a non-split supermani- 
fold. Theorem 2. Let us explain the difference in more details. Clearly one 
has a split homomorphism T : GL(n, /\Q) ^ GL(n, C) by taking the degree 
zero part of GL(n, /\g). It induces the map //^(T) : H\M, GL(n, /\ G)) 
//^(M,GL(n,C)). Denote by ae the element of H\M,GL{n, f\g)), which 
corresponds to a locally free sheaf of C-modules S. Then, in our nota- 
tions, Srcd corresponds to H^(T){a£). In our paper we classify all locally 
free sheaves S such that Sj-cd is fixed. Therefore, instead of computing 
H^{M,GL{n, we suggest to use results concerning classification of 

holomorphic bundles over a manifold, obtained in classical geometry, and 
consider locally free sheaves with given retract on a split supermanifold. The 
idea to classify non-split object, more precisely, supermanifolds, using retrcts 
appeared firstly in [6]. 

We would like also to mention that, as in the classical case, the fine 
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superbundles can be described using the exp-map, see e.g. [2], Chapter VI, 
Section 2. The Picard groups of generic super-grassmannians were computed 
in [13]. 



Notations. 



(Af . O) 
(M,grO) 
r = VerO 

Auto 
Auto gr O 

giS 
Aut^S 
Aut'^ gr S 

QAutS 

QAuto gr £ 



Aut^S 



8ndPS 



supermanifold 

the retract of (M, O) 

the tangent sheaf of (M, O) 

the sheaf of automorphisms of the structure sheaf O 
the sheaf of automorphisms of gr O preserving 

the Z-grading of gr O 

the retract of a locally free sheaf of (9-modules £ 

the sheaf of automorphisms of a sheaf of 7^-modules £ 

the sheaf of automorphisms of a Z-graded sheaf of 

7?.-modules gr £ preserving the Z-grading of gr £ 

the sheaf of quasi- automorphisms of a locally free sheaf 

of (9-modules £ 

the sheaf of quasi-automorphisms of a Z-graded locally 
free sheaf gr £ preserving the Z-grading of gr £ 
a subsheaf of Aut-'^S consisting of even automorphisms 
of a Z2-graded sheaf S 

the sheaf of endomorphisms of a sheaf of O-modules £ 



Acknowledgment. The idea to study locally free sheaves of modules over 
complex supermanifolds was inspired by communications of the second au- 
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2. Main definitions and clcissification theorems 



2. 1 Main definitions and classification of complex supermanifolds with a given 
retract 

We consider here complex analytic supermanifolds in the sense of Berezin 
and Leites (see [3, 8]). Thus, a supermanifold (M, C) of dimension n\m 
is a Z2-graded ringed space which is locally isomorphic to a superdomain 
in C"l"^. The underlying complex manifold {M,T) is called the reduction 
of (M, C). Sometime we will denote it by M. A morphism {M,Om) 
{N,On) between two supermanifolds with reductions {M^J^m) and {N,J-'isf) 
is a morphism between Z2-graded ringed spaces, i.e., a pair F = {Fred,^*), 
where Fred : M — >■ is a continuous mapping and F* : On ^ {Fred)*OM is 
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a homomorphism of sheaves of Z2-graded ringed spaces. A morphism F is 
called an isomorphism if F is invertible. 

We consider Z2-graded sheaves of (9-modules S = Sq + Si on {M,0). 
Denote by n(iS) the same sheaf of C-modules S supplied with the following 
Z2-grading: 

n(cS)o = 5i, n(5)i = 5o. 

A Z2-graded sheaf of O- modules on (M, O) is called free {locally free) 
of rank p\q, p,q > 0, if it is isomorphic (respectively, locally isomorphic) to 
the Z2-graded sheaf of (9-modulcs © Il{Oy. For example, the tangent 
sheaf T of a supermanifold (M, O) of dimension n\m is a locally free sheaf 
of 0-modules of rank n\m. 

The simplest class of sup ermanif olds constitute the so-called split super- 
manifolds. We recall that a supermanifold (M, O) is called split ii O — fXj^Q, 
where ^ is a locally free sheaf of J^-modules on M . With any supermanifold 
(M, O) one can associate a split supermanifold (M, gr O) of the same dimen- 
sion which is called the retract of (M, O). To construct it, let us consider the 
Z2-graded sheaf of ideals J = Jq® Ji d O generated by Oi. The structure 
sheaf of the retract is defined by 

grC» = 0grC»p, where gYOp^J^/J^+\ j'^-.^O. 

It can be easy shown that J-' ~ O/J', grCi is a locally free sheaf of J-"- 
modules on M and grOp = /\^grOi. We will use the following two locally 
split exact sequences: 

0^(J')i^C»i^(gr 0)1^0. 

Note that a supermanifold is spht iff the sequences (1) are globally split. 

Let (M, O) be a split supermanifold. Then any Z2-gTadcd locally free 
sheaf S = iSg © iSi of J-'-modules on M gives rise to a Z2-graded locally 
free sheaf of O-modules £ on (M, C). It is defined in the following way: 
S := O ®jr S. Its Z2-grading is given by 

S-o ^ 0-0 So + Oi Si, , . 

El ^ 0-0 (^^ Si + 0-0 (^^ Si. ^ ^ 

Let now £^ = f^g ® be a locally free sheaf of C- modules of rang p\q 

on an arbitrary supermanifold {M,0). We are going to construct a locally 
free sheaf of the same rank on the retract of {M,0). First, we note that 
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S :— S/JS is a locally free sheaf of J^-modules on M. Moreover, S admits 
the Z2-grading 

by two locally free sheaves of J^-modules 

S-o := S-o/iJE) n £-0, := Si/iJS) n Sj 

of ranks p and q respectively. We have the following two locally split exact 
sequences: 

O^J£n£-o^ S^oyo A 5o ^ 0; 

0^ jEnSi^ £:(o)i A 5i ^ 0, 

where a and (3 are the natural projection maps. The sheaf £ possesses the 
filtration: 

£ = £(0) D £(1) D <6:(2) ^ . . . , (4) 

where 

= JP£, p>l. 

Using this filtration, we can construct the following locally free sheaf of gr O- 
modules on the retract {M,grO): 

gr£ = ^pgY£p, where 
gr£p = £(p)/£(p+i) ~ gr Op <S)t S. 

Prom grO — /\grOi and gr Op — /\^ gr Oi it follows that 

gr£c^f\grO^ 

The sheaf gr£^ we will call the retract of £. By definition, the sheaf gr£ is 
Z-graded. It possesses also the Z2-grading given by (2). 

Our aim now is to classify locally free sheaves of C-modules on a super- 
manifold (M, O) which have a fixed retract. First we formulate the well- 
known theorem of Green (see [4]) which classifies complex sup ermanif olds 
(M, Om) with a given retract up to isomorphism, inducing the identical iso- 
morphism of reductions. The main tool used in both classification theorems 
is the 1-cohomology set H^{M, Q), where Q is a sheaf of non-abehan groups 
on M. We denote by e the unit element of H^{M, Q) which corresponds to 
the unit 1-cocycle. 

In what follows, we denote by AutO the sheaf of automorphisms of the 
sheaf of superalgebras O and by Aut^£ the sheaf of automorphisms of a 
sheaf of 7?.- modules £ on M, where 7?. is a sheaf of (super) algebras on M. 
The sheaf AutO possesses the filtration 

Auto = Aut^o)0 D Aut(^2)0 D (5) 
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where 

Aut(2p)0 = {a e Auto I a{u) = umodj^^}. 

Furthermore, the group H°{M, Autogr O) ~ H°{M, Aut^ gr Oi) acts on 
the sheaf AutgrO by Int : {a,5) a o S o a"^, where S G AutgiO and 
a G H^{M,AutogrO). Clearly, the group {M , Auto gr O) leaves invariant 
the subsheaves of groups Aut(^2p) gr O. Hence this group acts on the sets 
H^{M, Aut(^2p) gT^ O), and the unit element e is fixed under this action. 

Denote by [(M, O)] the class of supermanifolds which are isomorphic to 
{M,0). (Here we consider complex supermanifolds up to isomorphisms in- 
ducing the identical isomorphism of reductions.) 

Theorem 1. [Green] Let (M, Cgr) be a split complex supermanifold. Then 

{[{M,0)] I grO = 0gj A H\M,Aut(^2)grO)/H%M,AutogrO), 
where (M, Og^) corresponds to e. 

2.2 Classification theorems for locally free sheaves with a given retract 

Let (M, O) and (M, O') be two supermanifolds, £i and £2 be locally free 
sheaves of (9-modules and O'-modules on M respectively. Suppose that \l/ : 
O — )■ is a homomorphism of sheaves of super algebras. A homomorphism 
of Z2-graded sheaves of vector spaces $ : £^1 — >■ £^2 is called a ^-morphism if 

^{fv) = *(/)$(^), f&0,v^8^. 

In this case we write $ = A ^-morphism <^ : £ ^ E is called a 

^-isomorphism if $ is invertible. A ^^-isomorphism ^ : £ ^ £ we also 
will call a '^-automorphism oi £. A homomorphism (isomorphism) of Z2- 
graded sheaves of vector spaces ^ : £1 ^ £2 will be called a quasi-morphism 
(quasi-isomorphism) if it is a '^-morphism {^-isomorphism) for a certain \1/. 
The sheaves £1 and £^2 will be called quasi-isomorphic if it exists a quasi- 
isomorphism ^ : £1 ^ £2. A quasi-isomorphism £ ^ £ will be called a 
quasi- automorphism of We will study the sheaf QAut£, where 

QAut£{U) = {$ I $ is a quasi-automorphism oi £\u} (6) 

for each open subset U C M. One verifies easily that $g/ o 0-^, where 
$^1, 0T € QAut£^ is a ^ o T-morphism. It follows that QAut£ is a sheaf of 
groups. It possesses the double filtration by the subsheaves 

QAut^p)^q)£ := {^^, e QAut£ \ ^<i,{v) = wmod£(p), *(/) = / mod J« 
for V e / e O}, p, g > 0. 
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We also define the following subsheaves: 

QAutolgr 8) := {^^ \ $^ e QAut{gr £), $^ preserves the Z-grading of gr£^}. 

(7) 



Aut^S := {$ I $ e Aut^S, $ preserves the Z2-grading of 5}, (8) 

where 5 is a Z2-gradcd sheaf of J-'-modules. 

Lemma 1. We have an isomorphism of sheaves of groups 

QAutoigrS) ~ Aut^igrOi) x Aut^£,^d- 

Proof. Let us define the mapping 

e : Aut^igrOi) X Aut^£,ed ^ QAutoigrS) 

by 

$) ^ <I>AV;, ^ e Aut^igrOi), $ e Aut^S^ed: 

where 

for /i e gr O, v e £red and Aip is the automorphism of the sheaf gr O induced 
by ip. This is a homomorphism of sheaves of groups. In fact, suppose that 
another pair (ijj', where ijj' E Aut^(grOi), e Aut^Sred, is given. Then 
we have 

for /i e gr O, w e fred- 

Let us prove that Ker© — (id, id). Suppose that ©(^z^, $) — id. Then 
^Ai,{hv) = Aii{h)^{v) = hv for all h e grO, v e Srcd- Putting h = 1, we 
see that $(?;) = v, i.e., $ = id. Since Sj-cd is locally free, this implies that 
Aip{h) = h, therefore, ip = id. Thus, the homomorphism is injective. 

Let us now prove that it is surjective. Let $^ G QAuto{gT S) be given. 
Let us show that e ImO. Since ^^If^g^ : ^^red ~^ ^red ^-nd preserves 
the Z2-grading of grS, we have $ := ^^If^ed ^ «4.iiig^£^red- Furthermore, if 
h & grOp and v e Sj-ed, then 
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It follows that ^(/i) e grOp, and hence ^ preserves the Z-grading of grO. 
We have t/j — ^IgrOi e Aut-^{grOi) and At/j — ^. The proof is complete.D 

We will use the above notation, fixing a split complex supermanifold 
(M, Cgr) and a Z2-graded locally free sheaf of J^-modules S on M. Our aim 
is to classify locally free sheaves S of (9-modules on complex supermanifolds 
(M, O) with retract (M, Ogr), whose retract grS coincides with = Cgr®^ 
S. 

The group H^{M, QAutQSg^) acts on the sheaf QAutSg^ by the automor- 
phisms 5 ^ a o 5 o a~^, where a e H^{M, QAutoSgr) and 5 G QAutSgr- It 
is easy to see that this action leaves invariant the subsheaves QAut(^p^(^g^Sgr 
and hence induces an action of H^[M, QAutQ£^-c) on the cohomology set 
H\M, Q^Mt(p)(,)£g,). 

If : M — > A?" is a holomorphic map of manifolds and p : E — > 
is a vector bundle, we may define the puUback bundle 0*(IE) on N . The 
corresponding to 0*(IE) sheaf is Fm ®^*(rN) where S is the sheaf of 

sections corresponding to E, J^m and J-jv are the sheaves of holomorphic 
functions on M and N respectively. Let tt : (M, Om) — ^ {N, O^) be a 
morphism of two supermanifolds and £^ be a locally free sheaf of Civ-iiiodules 
on N of rang p\q. Similarly, we can define the sheaf Om ^^^dCOAr) ^red(^)- 
This sheaf is a locally free sheaf of (!?M-niodules on M of rang p\q, since 

Om ®<,d(Ojv) <ed{<^N) ^ Om- 

Sometimes we will denote the sheaf Om ^■k;^_^{On) Kcdi^) by 7f(^)- 

Let us consider the special case {M,Om) = {N,On), tt = (id, tt*) and 
TT* e H%M,AutOM)- We have 

^{S) = Om ®id*(Oj,) id*{S) = Om S. 

The sheaves ttIS) and S are (tt*)" ^-isomorphic, the (7r*)~^-isomorphism is 
given by / (g) s I-)- (7r*)"^(/)s, where / G Om and s G S. Let : £ ^ £' 
be an \l'*-isomorphism of two locally free sheaves of OM-niodules on M. We 
put ^ := (id, ^f*). We see that ^(^^) and 8' are id-isomorphic. 

Furthermore, let us consider the sheaf Aut'^8 of automorphisms of the 
O- modules sheaf £. It possesses the filtration: 

Aut'^S = Aut'^Q-^S D Autfi^S D 

where 

Aut^p^S := {a G Aut^S \ a{v) = vmod£(p)}, p>0. 

The group H^{M, Aut^ gr ~ H°{M, Aut^S.^d) acts on the sheaf Aut^ gr £ 
hy 5 a o 5 o a"^, where a G i7°(M, ^wt^ gr and 5 G ^ui'^grf:. It 
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is easy to see that this action leaves the subsheaves Aut'^^ gr S invariant 
and hence induces an action of H^{M,AutQgj:£) on the cohomology set 
H\M,Autf^^ gr£). 

We have the exact sequence of sheaves of groups 

id Aut^E QAutE AutO id, 

where the first homomorphism is the natural embedding (an automorphism of 
Aut'^8 is regarded as an id-morphism) and the second one, say F : QAutE 
AutO, is defined by i-^ Note that F{QAut(p)(q)E) C Aut^q^O and in 
the case E — grE the restriction F\QAutogr E coincides with the natural 
projection 

QAuto{Egr) ^ AutogrO x AutQ{E,:ed) AutogrO 
(see Lemma 1). 

The homomorphism F commutes with the actions of H^{M, QAuto gr £) 
and H^{M, Auto gr O) on QAut(ji)(^q) (gr E) and Aut(^g) (gr O) respectively. More 
precisely, 

F{aoSo a-^) = F{a) o F{S) o F(a-^), 

where a e H^{M, QAut^gx E) and 5 e QAutgrE. It follows that F induces 
the map of sets 

F : H\M, QAut^,)^2)grE)/H''{M, QAutogiE) ^ 

(M, Aut^2) gr 0)/H%M, Auto grO). 

Let : £^1 — )■ £^2 be a \['-morphism of locally free sheaves of (9-modules. 
Since "^{Jp) C J^, we see that $^((^i)(p)) C (^2)(p), P > 0. We denote by 
gr ($,!,) : gr^i — )■ gr£^2 the induced morphism. Let £^ be a locally free sheaf 
of C-modules on M. Denote 

[E] = {E' I E' is quasi- isomorphic to E}. 

Theorem 2. Let {M, Og^) be a split supermanifold, S = Sq Q) Si be a Z,2- 
graded locally free sheaf of T -modules on M and E^ — Og^ <S>t S. 
l)We have a bijection 

{[E] \grO = Ogr, grE = Eg,} A H\M, QAut(^^2)Eg,)/ H%M, QAutoEg,). 

The unit e G H^{M, QAut(^i)(^2)Egr) is fixed with respect to the action of the 
group H^{M, QAutoEgr). 
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2) Let a e H^{M, Aut(2)Og,:)/ H°{M, AutoOgr) ■ Then there is a bijection 
between elements of the set F~^{a) and classes of isomorphic locally free 
sheaves on supermanifolds which are contained in [(M, O)]. 

Proof. Let £ he & locally free sheaf of C-modules on (M, O) and U = {Ui} 
be an open covering of M such that (1) and (3) are split over Ui and £\ui 
are free. In this case (gr£^)|;7. are free sheaves of (gr (9)-modules, too. We fix 
local bases (e*) and (/^) of the sheaves of J-'-modules {£red)o\ui and {£j:eA)i\ui-i 
Ui e U, respectively. 

We are going to define an isomorphism 5i: £\ui^ (gr Let e*- e £^(o)o 

such that a(e*) = e* and fl G £^(o)i such that /3(/^,) = f^. Then (e*,/^) 
is a local basis oi £\ui- A splitting of (1) determines local isomorphisms 
(Ti : 0\u, grO\ui. We put 

Obviously, 5i is an isomorphism. We put :— (TiOaJ^ and {gij)-yij '■— 5io5~^. 
It is clear that (7^) e Z^{U,Aut(^2){gT^O)) and 

{{9ij)'Yij )eZ\U,QAut^,)(^2)igr£)). 

Conversely, if {{gij)'Yij) £ Z^{<U, Q^Mt(i)(2)(gr^)), we can construct a lo- 
cally free sheaf of C-modules on (M, C(7jj)), where {M,0{jij)) is the su- 
permanifold corresponding to the cocycle (7jj) G Z^{V(,Aut^2)E,T^C>) by the 
Green Theorem. Indeed, we have to identify gr£|;7. with gr£|;7^. over UiHUj 
using {gij)^,j. 

The standard calculation shows that if two cocycles {{gij)'^ij) and {{g'ij)'^'.) 
are cohomological, then the corresponding locally free sheaves of O-modules 
are quasi-isomorphic and this quasi-isomorphism denoted by has the 
property gr($,j,) = idjd. Conversely, if $^ : £ ^ £' is a, quasi-isomorphism 
of locally free sheaves of O-modules such that gr($*) = idid, then the corre- 
sponding cocycles are cohomological. 

Let £ and £' be two locally free sheaves of (9-modules on (M, O) such 
that gi £ = £' = £gj.. Assume that : £ ^ £' is an isomorphism. Then 
gr($^) G H^{M, QAutogr £). Suppose that £ corresponds to {gij)'^^^ = 
Si o Sj'^, where 'jij = ai o a~^, and £' corresponds to {g'ij)'y[^ = ° (^j) ^ 

where 7^^- = a[ o (cr^)~^. There exist isomorphisms ($1)5. : Z'^£\ui ^ S^£\ui 
such that the following diagram is commutative: 















Si 








£ 


Ui 


£ 


Ui 
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Since grSi — gr5-, it follows that gr(($j)^.) — gr($^) and hence 

{Qihi gr(**)"^ o e Q^Mi(i)(2) gr£:. 

Further, we have 

Hence, the cohomology classes corresponding to {gij)'yij and (5'^J■)7^ belong to 
the same orbit of the group H^{M^ QAut^E^j) . 

Conversely, assume that h G H^{M, QAutoEg^) and {g'ij)'y[^ = bo {gij)^^^ o 
6"^. Then 5[ o (5^)"^ = b o o S^^ o and we can define the isomorphism 
r by r|;7. := oboSi, where £ and S' correspond to {gij)'yij and 

idij)!^^ respectively. 

Let a e H^(M,Aut^2)Ogr)/H°{M,AutoOgr)- By Theorem 1 we may as- 
sign to each a the class of isomorphic supermanifolds [(M, O)]. From the 
proof of Theorem 2 it follows that there is a bijection between elements of 
the set F~^{a) and classes of isomorphic locally free sheaves on supermani- 
folds which are contained in [(M, 0)].n 

2.3 A classification theorem for locally free sheaves on a split supermanifold 
Denote by [f]id the class of id-isomorphic (i.e., isomorphic) to E locally 
free sheaves of O- modules on a split complex supermanifold (M, O). 

Theorem 3. Let (M, O) be a split supermanifold, S — Sq^Si be a 'L2-graded 
locally free sheaf of -modules on M and Sg^ — O <S>t ^red- Then 

{[S]id I grS = £gr} A H\M,Autf^^Sg,)/H%M,Aut^Sg,). 

Moreover, the unit e G H^{M, Aut'^^^Sgr) is a fixed point with respect to the 
action of the group H^{M, AutQSg^:)■ 
PToo^. Let us use the notations from the proof of Theorem 2. Since (M, O) 
is split, we may assume that = clu-, where a is determined by a global 
splitting of (1). It follows that the cocycle (gij) lies in (U , Aut'^^s^Sgr) . The 
further proof is similar to the proof the Theorem 2. □ 

3. Locally free sheaves of modules on projective superspaces 

In this subsection we will discuss two remarkable theorems about locally 
free sheaves on projective spaces, proved by Barth - Van de Ven - Tyurin 
and Birkhoff - Grothendieck, in the super-context. 
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3.1 Exact sequences corresponding to Aut^S 

Let (M, O) be a split complex supermanifold and £ he a, locally free sheaf 
of (9-modules on M. Denote by SndPS the sheaf of O-endomorphisms of E. 
This sheaf possesses the filtration 

EndPS = Sndl^Q-jS D Snd^i^S D . . . , 
Snd^-^S := {A e Snd'^S \ A{S^q)) C S^q+p) for all q > 0}. 

The map 

exp : Snd^p-^S Aut^p-^S, 

given by the usual exp-series is a bijection of sheaves of sets for all p > 1 
due to the fact that log = (cxp)^^ is well defined. In general it is not a 
homomorphism of sheaves of groups. We may define the map 

Xp : Autfp-^£ £ndfp)S/£ndfp^i^E, p>l, 

given by 

a A + Snd'^pj^iy where a = exp (A). 

This map is surjectivc and KerAp = ^wt^^^^f^. Clearly, it is a homomor- 
phism of sheaves of groups. We will also consider the subsheaves of Snd^ gr S 

Snd'^grS := {A e End^grE \ A{^Eq) C grEp+q}, p > 0. 

Then 

£ncig) gr £ = End^ gr E. 
<i>p 

It follows that 

End'^) gr£/£ncig+i)gr£ ~ EndpgrE. 
Hence, we get the exact sequence 

^ >lMtg+i) gr £ ^ Autfp) gvE^ End^ gr £ ^ 0, p > 1. (9) 

The following lemma gives a description of the sheaf EndpgrE, p > 1, in 
terms of the sheaves O and £^red- 

Lemma 2. We have 

End^ gr £ ~ / ® ((^red)o ® (^red)l © {Ered)l ® (^^red)g), P %S odd; 

\ Op<^ {{Ered)o ® (^red)g ® (^red)l ® (^red)l), P is CVCn. 
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Proof. Firstly, note that an endomorphism A e Sndp{grS) is determined 
by its restriction ^|gr£o- Secondly, ^|gr£o • S^^o ~^ S^^p is an J-'-linear map 
preserving parity (2). The result follows from the relation gr Sq ~ gr Oq<^Sred- 
□ 

Now we can recover the following well-known result, see [9, 14]: 
Proposition 1. Let {M,0) be a smooth supermanifold and £ be a locally 
free sheaf of O-modules on M. Then £ ^ O <^jr £j.ed- 

Proof. Indeed, (M, O) is split by the Batchelor Theorem. In this case 

H\M,£nd^ gr£)^{0} 

by Lemma 2. Hence 

H\M,Autf,)gr£)^{e}, 
and our assertion follows from the Theorem S.D 

3.2 The Barth - Van de Ven - Tyurin Theorem for supermanifolds 

Let us briefly recall the classical Barth - Van de Ven - Tyurin Theorem. 
Consider the sequence of complex projective spaces 

Cpi ^ ^ . . . , 

where ipi are standard embeddings. (The inductive limit of this sequence 
is also called the complex projective ind-space CP°° (see [5, 17] and more 
detailed [7].) We consider collections E = {Ej^}]si>i of holomorphic vector 
bundles of a finite rank over CP^, N > 1, such that (Pn{En^i) = Ej^. 
(Such collections are also called vector bundles over CP°°.) If = {-E'Ar}Ar>i 
and E' = {E'j^}]s[>i are two such collections, then the collection E (B E' 
{Eiq®E'j^} jv>i is called the direct sum of E and E' . A morphism of collections 
f : E ^ E' is a set {/at : Ejy -E'iv}iv>i of morphisms of vector bundles 
such that <fN° fN+i = fN ° ^N- A morphism of two collections f : E ^ E' 
is called an isomorphism if it possesses the inverse morphism. 

Theorem 4. [Bcirth — Van de Ven — Tyurin] Any collection E — 
{En}n>i of holomorphic vector bundles Em of a finite rank over CP"^ is 
isomorphic to a direct sum of collections E^ — {EI^}n>i of vector bundles 
Elf of rank 1 . 

For collections of rank 2 this result was proved by W. Barth and A. Van 
de Ven in [1], and for collections of an arbitrary finite rank by A. Tyuirin in 
[17]. 

The similar question may be considered in the case of complex superman- 
ifolds. Recall that the projective superspace (M, O) = CP"!"' of dimension 
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n\m is a complex supermanifold with the reduction M — CP" and the struc- 
ture sheaf O = /\£(— 1)"*, where 1) is the sheaf of J^-modules inverse 
to the sheaf C{1), which corresponds to a hyperplanc in CP". The classical 
homogeneous coordinates Zq, ...,Zn on CP" can be supplemented by odd ho- 
mogeneous coordinates (i,...Xm, giving rise to the system of homogeneous 
coordinates on CP"'"". 

Let us consider the sequence of projective superspaces 

^pi|fei CP^'*^^ 

where ki < ki+i and (fi are standard cmbcddings, i.e any map (pi : CP*'^' 
(j-.pi+i|fei+i |g given in homogeneous coordinates {zj, and {z'g, on CP*''^' 
and CP^+^l'^'+i respectively by 

z's = Zs, s = !,■■■ ,1, Zi+i = 0; 
C = Ct, t =!,■■■ , h, C't = Q, t = ki + 1, - ■ ■ , ki+i. 

We study collections £ = {Sn}n>i of locally free sheaves Sn of a finite rank 
over CP'^I''", n > 1, such that ipn{^n+i) = ^n- A morphism of two collections 
and their direct sum are defined similarly to the classical case. We are going 
to prove the following theorem: 

Theorem 5. Any collection S — {Sn}n>i of locally free sheaves £n of a finite 
rank over CP"''^" is isomorphic to a direct sum of collections £^ — {£n}n>i 
of locally free sheaves of rank 1|0 or 0|1. 

Proof. Note that S^ed = {{Sn)red} is the collection of locally free sheaves 
such that (V5i)j.ed((^i+i)red) = (^i)red and ((/9i)rcd : CP' CP'+^ are standard 
embeddings. By Theorem 4 we have Sj^ed — ©r'^'^' where = {S^} is 
a collection of locally free sheaves of rang 1 (and of super-rank 1|0 or 0|1). 
Hence the collection giS = {gr £^„}, where we identify gr — Ocp" ® (^rjred, 
is isomorphic to the collection {Ocp" ® 0r'^n}- 

Our aim is to show that S giS. Using Lemma 2 and the well-known 
fact: if^(CP", £(r)) = {0} for n > 1 and any r G Z, we conclude that 
H^(CF^,£ndp{grSn)) = {0} for p > 1 and n > 1. Hence, by the sequence 
(9) we get 

H\C¥'',Autf^){grSn)) = {e} for n > L 
It follows by Theorem 3 that the following isomorphisms 

/„ : gr£„ = ^ Ocp" ® S!^. 

r 

exist. Let us show that we can choose the isomorphisms such that they 
commute with puUbacks of the bundles. Fix an isomorphism /„. Let us 
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construct an isomorphism 

fn+l '■ ^ C)(^pn+i <S) (^n+l)red 

such that (fin^ fn+i — fn°'fn- Denote by X„ the sheaf of ideals corresponding 
to the subsupermanifold : CP"'''" £fn+Mkn+i_ gy definition we have 

grSn = ^n(gr^^n+l) = (p*^i{gT £n+l /In ^n+l) ■ 

Denote by i3„ the sheaf of automorphisms of the sheaf of 0^f,n+i /InO^pn+i- 
modules gr gr and by the subsheaf of 

(^n)(i) {a e B„ I a{v) = vmod(gr£:„+i/X„gr£:„+i)(i)}, 

where {gr Sn+i/In S^^ ^n+i) (i) is the image of (gr by the natural homo- 

morphism. Note that we have sup((,B„)(i)) = (^red(CP"') and <^*ed((^n)(i)) — 

Further, any automorphism from Aut^^''" {gr £n+i) preserves Xngr£n+i- 
Hence, we have the map 

which is surjective as a sheaf homomorphism because we always can find 
locally preimage of elements from {Bn){i)- Denote by An the kernel of 
Let us choose a Stein cover U = {Ui} of CP""*"^ such that 

^ AniUi) ^ Aut^^'"+\gTEn+l)iUi) ^ iBn)il)iUi) ^ 0. 

is exact for any i. Assume also that U satisfies conditions of the proof of 
Theorem 2. Denote by 

(g^^) e H\U,{Br,)^,)) and {gl+') e H\U , Aut^^^^- 8^,^,)) 

the cocycles corresponding to £n and £n+i by Theorem 3. Recall that g'^^ — 
5" o (5")"-*^, where 5" : En\ui — >■ Z^£n\ui is the isomorphism from Theorem 
2 assuming is addition Uj = id for any i. Similarly, g'^^^ = 5""*"^ o {5'^^^)~^. 
Since '^{Sn+i) — Sn, we may assume that ip"" o5^~^^\u- — Sfoip^\u.. Therefore, 

We have shown that (g^j) ~ e hence there are a" G such that 

(q;")~^ o g'^. oa'j = id. Using the surjectivity of F^lui, we may choose a""^^ e 
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F-\af). Then (hij) E H\U,An), where % = (a^+Y' o g^+' o a]+\ It is 
easy to see that 

An = exp( (X„)o ® ((^red)o ® (^red)i © (^red)i ® (^red)o)© 
(8) ((^:red)o ® (^red)g © (^^red)l ® (^red)l)- 

Therefore, we get as for ^wt^^^^" (gr that iJi(CP"+\ A) = {e}- There- 
fore, there are /3j e A([/i) such that hij = A o /Jr^. Denote 

By construction, we have cpn ° f'n+i = fn° ^n- The proof is complete. □ 

3.3 About the Birkhoff - Grothendieck Theorem for supermanifolds. 

In this subsection we will show that the Birkhoff - Grothendieck Theorem: 

Any finite rank vector bundle on the complex projective space CP^ is isomor- 
phic to a direct sum of line bundles, 

does not hold true for the projective superspace CP^'", where n >1. Denote 
by On the structure sheaf of CP^'" and by i„ the standard embedding CP"*^'^ — )■ 
CP^I", n > 1. Clearly, there is a map jn : CP^'" CP^I\ n > 1, such that 
j* : Oi ^ On is injective and jn ° in = id- Let £i be a locally free sheaf of 
Oi-modules. Denote 

'—On ®jf,{Oi) ^1- 

Then Sn is also locally free and £n is an extension of Si. In other words, 
we have proved that any locally free sheaf on CP^'^ admits an extension to 
CP"*^'". It follows that to prove our assertion it is enough to show that there 
exists a locally free sheaf of Oi-modules of rank > 2, which is not a direct 
sum of two lines bundles. 

Let us study firstly hne bundles on CP^'^. By (9) we get that Aut'^^^^ gr £^ ~ 
Sndf gr£ for any rank and from Lemma 2 it follows that Sndf grS — {0} 
if rankgr£ = 1|0 or 0|1. Therefore, by Theorem 3 any line bundle £ is 
isomorphic to gr£^. 

Further, let (^^red)o = >C(0), (^red)i = ^^(-1) and Sg, = Ci ® ((^red)o © 
{Sred)i)- Then 

H\CW>\Snd'^Sgr) ^ H\CW>\£{-2)) ~ C. 

Using the fact that the unit 1-cohomology class is a fixed point for the action 
of H^{C¥\AutQ^Sgr) on H^{CF\ Aut^-^'^Sgr), we see that there is a locally 
free sheaf of Oi-modules S such that grS — S^c but 8 is not isomorphic to 
f 
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4. The tangent sheaf of a spUt supermanifold. 

Let us recall some well-known facts about the tangent sheaf T of a split 
supermanifold (M, O) ~ (M, /\G). First, the sheaf T is Z-graded (not only 
Z2-graded) : 

p>-i 

where 

rp:^{ver\ v{Oq) C Op+g for all g > 0}, p > -1. 
Second, the following sequence 

p+i p 

l\Q®G* -^Tp^ l\Q®Q^Q, P>-l, (10) 

where is the tangent sheaf of M, is exact (see [12]). The mapping 7 is 
the restriction of a derivation of degree p onto the subsheaf d O and 5 
identifies any sheaf homomorphism Q — > /\^^^ Q with a derivation of degree 
p that is zero on iF. 

Denote by G the vector bundle corresponding to Q. As usual by a (holo- 
morphic) connection in a vector bundle G ^ M over a complex manifold M, 
we mean a bilinear map 

satisfying the following conditions: 

• Vxifs)^fWxs + Xif)s, 

where / G J-", X G and s G ^. If V and V are connections in G ^ M 
and G' — )■ M respectively, the tensor product connection V (8) V in G G' is 
well defined. Recall that 

(V ® Vx)(s ® s') = Vx{s) s' + s (g) Vx{s'). 

It is easy to see that the tensor product connection V(8)---(8)VinG(8)---(8)G 
(p-times) induces the wedge product connection A^V in /\^ G, p > 0. 

Let V be a connection on G. Then to each X G we may assign a vector 
field Yx on (M, O) ~ (M, /\ Q) of degree defined by 

Yxif) = X(/), / G ^, Yxif) = A^V(/), fe/\g, 
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The Leibniz rule for Yx follows from the definitions of a connection and a 
wedge product connection. Consider the sequence (10) for p = 

We have just shown that the connection V defines the splitting of (11) by 
X Yx- The converse statement is also true: if we have a splitting i of 
(11), we may define the connection by 

(Vi)x(s) ■^iix)is), seg. 

Note that the curvature tensor of V = Vj 

RiX, y) = Vx o Vy - Vy o Vx - V[x,y] = i[iiX),iiY)] - i([X, Y]))\g 

measures the defection of i to be a homomorphism of sheaves of Lie algebras. 

Theorem 6. Let {M,Om) — {M, /\g) be a (holomorphic) split supermani- 
fold and T the tangent sheaf. The following conditions are equivalent: 

1. the sheaf T corresponds to the unit 1-cohomology class with values in 
Aut'^^^ gr T by the Theorem 3; 

2. the sequence (11) splits; 

3. g possesses a (holomorphic) connection. 

Proof. By the discussion above we have to prove only that T corresponds 
to the trivial 1-cocycles of [M , Aut'^^^^ gi T) if and only if the sequence 
(11) splits. Let 9q : Q ^ Tq he a, splitting of (11). Then the sequence (10) 
splits for all p > 0, we may define the splitting Op : fS! g ® © ^ 7^ by 
ep{f (g) w) = feo{v). It follows that 

%^ f\g®Q + f\g®g*. 

Hence, 

r^f\g®{g* + Q)^f\g® (7;ed) = gr r. 

Conversely, since the unit cocycle of H^{M,Aut^-^^^giT) is a fixed point 
with respect to the action of H^{M,AutQgrT), there is an isomorphism 
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$ : T — > grT such that gr$ = id (see proof of Theorem 2). It follows that 
the following diagram is commutative 



*lr- 

To (grr)o 

pr ) 

To/ijryo = %/{jT)-o 

where pr is the projection of 

p>0 p>0 

onto 7q/{J^T)o and tt is the natural projection. Further, by the definitions 
of all morphisms the following diagram is also commutative 

To ToKJTh 



To 



e 



where r is an isomorphism defined by v + {JT)q ^ prjrOti|jr. Denote by i 
the natural embedding Tq/{JT)q ^ (grT^g- We may define a splitting of 
(11) by pr^j °{^\to)~^ ° ^ ° The proof is complete. □ 



5. A spectral sequence 

An important problem is to calculate the cohomology group H*{M, S) of 
a locally free sheaf of C- modules f on a supermanifold (M, O). If (M, O) 
is spht, then £^ is a locally free sheaf of J^-modules on M, and its cohomol- 
ogy group can be calculated in many cases using the well elaborated tools 
of complex analytic geometry. In non-split case these methods cannot be 
applied directly, but we can use the associated split supermanifold (M, gr O) 
and the sheaf gr£. 

5.1 Quasi- derivations. 

Let (M, O) be an arbitrary supermanifold and £ a locally free sheaf 
on {M,0). Let us take an even vector field F e Tq{U) on a superdo- 
main {U,0\U) C (M, 0). A Z2-gradcd vector spaces sheaf homomorphism 
Ay : £\U — 7- £\U is called a V -derivation if Ar(/f) = r(/)f + JAy^v)^ 
f & 0\U and v & £\U. A homomorphism of Z2-graded sheaf of vector spaces 
B : S ^ S will be called a quasi- derivation if it is a F-derivation for a certain 
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r. Denote by QVerS the sheaf of quasi-derivations. It is a sheaf of Lie al- 
gebras with respect to the commutator [Ap, Bx] '■— o Bx — By o A-p. The 
sheaf QVerS possesses the double filtration: 

QPer(p)(,)£: := {Ar G QVerS | AriSir)) C S^r+p), ^J') C J'+i 

for all r, s e Z}. 

The map 

exp : QX>er(i)(2)£^ Q^iii(i)(2)^ 

is an isomorphism of sheaves of sets. Let us consider the subsheaf QVerk,k gr S 
of QVer{k){k) gr^ defined by 

QDerfc,fcgr£ {Ap G QVer^k){k)gi^ S \ Arigi 8,) C gr£^+fc, 
r(gr a) C gr a+fc for all r, s G Z}. 

Note that QVerk^kg^S — Sndf'^grS if A; is odd. 
Denote by /ik, k > 1, the following mapping: 

Aifc : QAut^k)i2) gT^ 8 QVerk,kgT^8, 

l^k{a^) = © Pr^+fe o^r o pr^, 

where = exp(ylr) and pr^ : grS ^ gri'fc is the natural projection. The 
kernel of this map is QAut(k+i){2) g^S. Moreover, the following sequence 

QAut^k+i){2) gr^ — > QAut{k){2) g^ S Q'Derk,kgrS 
is exact. Denoting by H(^k){g^S) the image of the natural mapping 

H\M, QAut^k){2) grS) ^ H\QAut^i)^2) grS), 

we get the filtration: 

H\M, Q^«^(i)(2) grS) = i/(i)(gr£) D H^2){&:S) D . . . . 

Take e if(i)(gr£^). We define the order of the maximal one of the 
numbers k such that a-y e H(^k){g^S). The orrfer of a locally free sheaf £ 
of (9- modules on a supermanifold (M, Om) is by definition the order of the 
corresponding cohomology class. 

5.2 The spectral sequence. 

Let £ be a vector superbundle on a supermanifold (M, O) of dimension 
n\m. Now we will construct a spectral sequence for the cohomology of the 
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sheaf E. We fix an open Stein cover il = {Ui)i^i of M and consider the 
corresponding Cech cochain complex C*(il, = 0p>Q C^(il, £"). 

The Z2-grading oiS gives rise to the Z2-gradings in C*(iX, E) and H*{M, E) 
given by 



Co(il,£) 




)0c2^+^(ii,£i), 








Ci{\X,E) 




)0C^^+^(il,£o). 








H-o{M,E) 




9 0/72«+^(M,£:i), 






q>0 


Hi{M,E) 




^^H',+i^M,E-o). 



(12) 



9>0 9>0 

The filtration (4) for E gives rise to the filtration 

C*{ii, E) = C(o) D . . . D C(p) D . . . D C^m+i) = (13) 
of this complex by the subcomplexes 

C(p) = C*{ii,E(j,)). 

Denoting by H{M,E)(p) the image of the natural mapping H*{M,E(^p)) 
H*{M,E), we get the filtration 

H*(M, E) = H{M, £:)(o) D . . . D H{M, £:)(„) D ... . (14) 

Denote by gr H*{M, E) the bigraded group associated with the filtration (14); 
its bigrading is given by 

gri/*(M,£)= 0gr^i/''(M,£). 

P,<?>0 

By the general procedure, invented by Leray, the filtration (13) gives rise to 
a spectral sequence of bigraded groups E^. converging to E^co — S^H*(M,E). 
It is constructed in the following way. 

For any p,r > 0, define the vector spaces 

= {c e C(p) I dc e C(p+r)}. 

Then, for a fixed p, we have 
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The r-th term of the spectral sequence is defined by 

Er^^E^^, r>0, 

p=0 

where 

EP = ciic^n + rfcrr^'. 

Since d{C^) C C^^*', (i induces a derivation d,. of Er of degree r such that d'^ = 
0. Then Er+i is naturally isomorphic to the homology algebra H{Er,dr)- 
Denoting = Kei dr, we have the natural mapping k'j._^_i : — )■ E^^^ . For 
any s > r, denote = k^"^ o . . . o kJ;^^ (this composition is not defined on 
the entire Z^). 

The Z2-grading (12) in C*(it, (£") gives rise to certain Z2-gradings in 
and E"^, turning E^ into a superspace. Clearly, the coboundary operator d 
in C*(il, is odd. It follows that the coboundary d^ is odd for any r > 0. 

The superspaces E^ are also endowed with a second Z-grading. Namely, 
for any e Z, set 

cf'« = cf nc^+«(ii,£:). 

Then 
Clearly, 

(i,(£;f'«) c (15) 

for any r, p, g. 

One sees easily that C^'^ = for all "p and r if g < — (m + 1). Therefore, 
for a fixed g, we have d{Cp'^) = for all r > g + m + 2. This implies that 
: E"^'"^ E^+i is an isomorphism for all p and r > ro{q) — q + m + 2. 
Setting EP^^ — -E^g(^), we get the bigraded superspace 

P,<1 

Now we prove certain properties of the spectral sequence {E^). Some of 
them are well known and are valid in a more general situation. 

Proposition 2. The first two terms of the spectral sequence {Er) can be 
identified with the following bigraded spaces: 

Eo = C*{ii,gTS), 
E, = H*{M,gTS). 
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Here 

Proof. By definition, we have 

^0 = C'(p)/C(p+i), p>0, 

where the coboundary operator of degree is induced by d : C(p) 
On the other hand, the exact sequence 

£(p+i) S(p) grSp^O 

and Theorem B for Stein supermanifolds imply the exact sequence 

^ Eip+i){U) ^ £(p)(C/) ^ grSp{U) ^ 
for any Stein open subset U C M. Therefore 

C*{!d, (gr£)p) ~ C(p)/C(^+i) = E^,, p>Q. 

One sees easily that this is an isomorphism of complexes and that the result- 
ing isomorphism C*{ii,gr£) ~ Eq is an isomorphism of bigraded spaces. It 
follows that 

El ~ H{Eo,do) ~ ^*(il,gr£:) ~ H*{M,gT:£)n 

Proposition 3. There is the following identification of bigraded algebras: 

E^^gTH*{M,S), 

where 

E^J^gr^HP+''{M,£). 
Proof. Clearly for r > ro{q) we have C^'« = ZP+i{!d,£^p)). It follows that 

CoroUeiry. If M is compact, then 

dim H''{M, S) = J2 dirn^;^''. 

p+q=k 
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Proof. In fact, if M is compact, then all cohomology groups with values in a 
coherent analytic sheaf on (M, O) or M are of finite dimension. □ 

Now we prove our main result concerning the first non-zero coboundary 
operators among di, d2, ■ ■ ■■ We may suppose that for each i E I there 
exists an isomorphism of sheaves Uj : 0\Ui grO|C/j, inducing the identity 
isomorphism grO\Ui grO\Ui. 

By Theorem 2, a locally free sheaf of C- modules £ — >■ (M, O) corresponds 
to the cohomology class a-y of the 1-cocycle {{aj)ij) e Z^{iL, QAut(^i)(^2) gr^), 
where {a^)ij — Si o S~^. If the order of {a^)ij is equal to k, then we may 
choose Si, i E I, in such a way that {{a^)ij) G Z^{^, QAut(^k)(^2) gr^)- We can 
write = expAr, where Ar G C^(ll, QI^er(i)(2) grS). 

We will identify the differential spaces (£'o,(io) and (C*(il, gr £), li) via 
the isomorphism of Proposition 2. Clearly, Si : S(jj)\Ui — > grS(j,)\Ui — 
Hr>pS^^r\^i isomorphism of sheaves for any i G /, p > 0. These local 
sheaf isomorphisms permit us to define an isomorphism of graded cochain 
groups 

ijj : C*(il,£) ^C*(il,gr£) 

such that 

V':C*(il,£(,))^C*(il,gr^(,)), p>0. 

We give it by 

''Pic)io...iq — Si^iCif^ i^) 

for any (io, • • • , iq) such that L^jg n. . .n^Tj^ ^ 0. In general, is not an isomor- 
phism of complexes. Nevertheless, we can express explicitly the coboundary 
d of the complex C*(iX, £) by means of do and a^. 

Proposition 4. For any c G C*(il, grf) = ®pE^~^'^, we have 

{ip{dip~\c)))i^,„i^^, = (c?oc)io...i^+i + ((a^)ion -id)(Q,...i^+J. 
Proof. We can write 

9+1 

0=0 

g+i 
a=l 

9+1 
a=l 
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Therefore 

— ('j^oc)jo..iq^i — Ci-^...iq+i + (fl7)jo«i('^n---«q+i) 

This imphes our assertion. □ 

This proposition makes it possible to calculate the spectral sequence (Er) 
whenever and the cochain are known. Now we find the explicit form 
of certain coboundary operators df, r > 1. 

Theorem 7. Suppose that the locally free sheaf of O -modules 8 — )■ (M, Om) 
has order k and denote by the cohornology class corresponding to £ by 
Theorem 2. Then dr — for r — 1, . . . ,k — 1, and dk — iik{0"y)- 

Proof. Take a cocycle c e -Eq'^"^, doc = 0, and denote by c* its cohomology 
class in £^f'^~^. Clearly, c and c* are represented by the cochain ■0~''^(c) £ Cq. 
By Proposition 4, 

{'^{dtp-\c)))i^,„i^^^ = ((a^)ion -id)(Q,...i^+J. 

Now we see that 

(V'(#-^(c))),„..,,^, 

— tJ'k{0''r)ioii{(^ii—iq+i) + '^io--ig+i ) 

where u e C(p+k+i)- This means that 

'0(#~^(c)) = iik{a^){c) + u, 

whence di = d2 = ■ ■ ■ = (i(fc-i) = 0. Identifying with Ei, we also see that 
dkC* is represented by the cochain V'~^(/Xfc(a-y)(c)). It follows that 

4feC* = Aife(a^)(c*).n 
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